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1 Introduction 



The Friedrichs model [T] describes the coupling of discrete and continuum 
sectors of a boson Hamiltonian. The model has the advantage of being ex- 
actly solvable and it has been applied to a variety of systems of physical 
interest [2]. The mathematical aspects of the solutions which are based in 
the use of rigged Hilbert spaces have been introduced in [3]. A distinctive 
feature of the model is the appearance, among the solutions, of Gamow states 
[HOE]. It is the only completely solvable model which describes resonance 
phenomena [3] in a broad context. Generally speaking, the solutions show the 
importance of the discrete-continuum couplings, a fact that has been over- 
looked for quite a while and that certainly has crucial physical consequences. 
In fact, the need for the inclusion of bound as well as resonant states in the 
description of composite systems has been demonstrated (see [7] and refer- 
ences quoted therein) in connection with the analysis of data obtained in 
experiments measuring the decay of clusters. The properties of the standard 
version of the Friedrichs model, in connection with Gamow resonances, have 
been revisited in [5]. More sophisticated versions of the Friedrichs model 
have been presented in [6], [HI HD]- Along the standard discrete-continuous 
couplings for bosons, one has to consider also the boson-boson couplings (2] 
and fermi-boson couplings [6J. In a recent paper [5], we have proposed an 
extended version of the model to accommodate for fermion-boson couplings. 
The structure of the extended Hamiltonian is inspired in standard field the- 
ory models of the coupling between fermion and boson fields [Hi [12] . In a 
previous publication [6J, hereafter referred to as I, the feasibility of the ex- 
tended model was discussed and its solution were explored within a schematic 
model situation. By considering a very reduced space consisting of one dis- 
crete fermion state in addition to the bosonic degrees of freedom, it was found 
a resonant behavior also in the fermion sector, as expected. In this paper, 
we focus our attention in the analysis of the solution within a more general 
framework. We base our method on the use of the resolvent for the char- 
acteristic coupled equations which describes the amplitude of the fermionic 
solution. The coupled equations are cast in a form which very much resem- 
bles the T- matrix formalism [13] , which is very convenient for finding out the 
resonance behavior. 

The present paper is organized as follows: In section 2, we review the 
essentials of the extended Friedrichs model, which in full detail has been 
introduced in [B], and focus our attention on the elements needed for the 
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present discussion. In section 3, we analyze the structure of the general 
solution which has been found by applying the T-matrix formalism. Finally, 
we draw our conclusions on section 4. 

2 Formalism 

We shall begin with a review of the basic ideas of the Friedrichs Model [1] [5] . 
Details about the formalism concerning the standard Friedrichs model can 
be found in [I1]-[T6] and references quoted therein. 

The simplest form of the Friedrichs model [TJ includes a free Hamiltonian 
Hq with a real positive continuous spectrum coinciding with the positive 
semiaxis, u > 0, and a positive discrete eigenvalue, ujq > 0. An interaction 
is acting between the continuous and discrete parts of Ho by means of a 
potential V. As a result of the action of V, the bound state of H is dissolved 
in the continuous and a resonance is produced. The spectrum of the total 
Hamiltonian H = H + AV^, where A is a real coupling constant, is purely 
continuous and coincides with the real positive semiaxis as well [TJ [3] . 

As shown in I, poles of the solutions appear into complex conjugate pairs, 
each of them represents a resonance. Then, Gamow vectors are solutions of 
the eigenvalue equation [2111], 

(H-x)*(x) = 0. (1) 

with the total Hamiltonian H, whose eigenvalues coincide with resonance 
poles [31 IB]. 

2.1 The extended Friedrichs Model. 

The present version of the Friedrichs model, as an extension of the standard 
Friedrichs model, includes [5J: 

i) The unperturbed fermion and boson Hamiltonian Hi 

POO 

Hi = u \l)(l\ + / duco\u){u\+^2c k \k)(k\ , (2) 

where the index k runs out the set of Fermion kets \k). 

ii) The interaction between fermions, \k), and the discrete boson, |1), 
Hamiltonian Hif. 
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H n = J2[hkAkA)(l\ + hyi)(k,l\] . (3) 
k,l 

iii) The interaction between fermions and the boson field, {|^)}, Hjjj: 

POO 

Hin = J2 du[f ktl (u)\k,u)(l\ + f 1^)11) (k,u\] . (4) 
k,i Jo 

The standard Friedrichs model includes the boson-boson coupling V [3] . This 
coupling V can be generalized to include fermion-boson interactions in the 
following manner: 

POO 

Hiv = J2 / du[g kk/ (u)\k,l)(k\uj\ + gl kl (u)\k',cu)(k,l\] . (5) 
k,k' Jo 

Alternatively, Hjy can be taken as a second order interaction mediated by 
the fermion state \k), provided that: 

y~] fu{u)hiw = 9kk'{u) 5 kk > = g k (u) 5 kk > , (6) 
i 

is fulfilled, as it is customarily done in the field theoretical treatment of 
fermion-boson couplings [17] ■ In addition, it is worthy to note that H IV 
reduces to the standard Friedrichs model interaction, V, if g k {uj) = g(u>) for 
all k. 

To obtain the solution of the eigenvalue problem 

(H-E)*{M) = 0, (7) 
where H = Hj + Hjj + Hjjj + Hjy, we write *ff(E) in the form 

/CO 
dw^ k {E^)\k,u). (8) 
re k re - 

Consequently, (j7j) gives 

(H - E)V(E) = £ ME)(ck - £010 + ^ h* u ME!)\k) 
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POO 

+ y2(c k + u)o-E!)<j> ktl (E)\k,l) + V / duil> k (E,u)g k (u)\k,l) 
k k Jo 

POO POO 

+ y^0fc,i(£) / dugl(u)\k,u) dujifj k (E,uj)(c k + u - E)\k,u) 
k Jo k Jo 

POO 

+ J2l duME^)f* kl (uj)\l) + Y,ME)h ik \i,l) 

/■OO 

+ tL;^ Jfe (S)/ ifc (a;)|i,w) = 0. (9) 

i.fc ^ 

Due to the linear independence of the vectors \k), \k,l), and \k,u>), the above 
equation can be written as a system of the following three coupled equations: 

POO 

ip k (E)(c k - E) + J2hME) + / dunk(E,Lj)ft k {u) = (10) 
, , Jo 



V p,(£)/i fc , + (c fc + w - E)<j) kl (E) + / 



duJtp k (E,uj)g k (uj) = (11) 



^(^^(cfc + cj-^ + ^^^/wM + ^i^KH = (12) 

I 

for 1), and \k,u>), respectively, using (flOj) and (iTTj) in (fl2|) . we obtain 

the following equation: 



4>k{E, to) = co(c k — u — E) — > — . (13) 

z — ' c k — u — hj c k — u — t, 

Consequently, if ipk{E,w) is reinserted into (TTUT) and (TTTT) . it results a system 
of infinite coupled equations. The formal properties of its solutions becomes 
obvious at glance: i.) the resonant behavior of the fermionic solutions results 
from the coupling to the continuum-continuum boson sector; ii.) the resonant 
boson sector is mostly unaffected by the fermion sector, since the latter solely 
depends on V. 

The solutions of the system depend on the choices of the form factors h k i, 
f k i(w) and g k {oj). After a rearrangement, (jTUJ) and (ITTj) yields: 
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(Cfc — E)5km 



in 



fmk( E ~ Cm) 



(14) 



m 



m 



and 



Y,\hki-B kl (E)]vi(E) 



+{c k + u JQ -E-C k (E)) ( f> kl (E) 



cg k (E - c k ) . 



(15) 



Note that the functions, A km (E), B km (E), B k i(E) and C k (E) are explicit 
functions of the form factors. These functions have been given in I, (see 
Equations 32-35 of [B]). The factor c in (1151) is an irrelevant constant. 

3 Choice of form factors. 

In I, we have shown that the system of coupled equations which determine 
the amplitudes tp k (E), 4>n(E) and ip k (E,u) can be solved under certain sim- 
plifications like the assumption that the form factors do not depend on the 
fermionic indices and/or that the fermionic subspace be severely reduced. 
Here, we propose a more general setting for finding the solution, which con- 
sists of the study of the separate couplings of the fermions with the discrete 
and continuous bosons. For the form factors, we here propose the following 
choice: 



This choice does not contradict ([HD because we are considering the couplings 
([2]), ([3]) and (TJJ as independent couplings, of which ([HD is a special case only. 
Here, p(u) is an unspecified function, whose explicit structure is not needed 
for the present discussion. In actual calculations it is defined by the model 
Hamiltonian. Thus, with this choice of the form factors, Equation (fl5j) reads: 






(16) 
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c fc — uj — E 
Then, Equations (32-35) in I become 



POO 

A km (E) = dcuY" 
Jo , 



q + o; — -E 



= a k a* m ^ du ""I " 1 = a*cC A(£) . (18) 
Jo i ci + u- E 

Bkm = , B km = , C km = . (19) 

Note that 018|) defines A(E). This yields the following form for (|14|) : 
^ - E ) 6 km - a k a* m A(E)} Vm {E) - ^ B{E) faffi^ 

m I 

= -cJ2fUE~c m ), (20) 

m 

where -B(i?) is 

B(E) = Y . (21) 

m 

Equation (|20|) can be written in a more compact form as 

Vs{E) [(c k - E)5 ks - a* k a s A(E) - (3* k (3 s B(E)] = -c /* (q - £) , (22) 

s I 

where the functions on the variable E, A(E) and B(E), do not depend either 
on k and s. Equation (|2"2"|) can be also written in matrix form: 

T\ (p s (E) | = I -cZJ^ci-E) | , (23) 



where the entries in the matrix T are given by 



T ks = (c k - E)5 ks - a* k a s A(E) - 0* k (3 s B(E) 

1 ^ I (c fc - E) (c k -E) J y } 

To some extent, we have borrowed the notion frequently encountered in The- 
ory of Reactions (see Newton [13]) in dealing with the formal solution of sys- 
tems of coupled equations, where T stands for the transfer matrix. A solution 
to our problem with the choice (fT6l) can be obtained provided that T be in- 
vertible. To prove this claim, we use the matrix identity (1 — A)^ 1 = A n . 
In consequence, the entries of T~ l are the following: 

(rp-i\ 1 (g ®* k a s A(E) ft&BW y 1 

{ )ks c k -E\ ks c k -E c k -E J 

c k - E\ ks V c fc - E c k - E J 



ak'A(E) ^ k p k ,B(E) \ f ai,a s A(E) ^ (3 k ,(3 s B(E) \ 



+ ( + '-J1LJ1 i > + ^ | + 

Cfc - E c k - E J \ c k > - E Cfc/ — E 

= + a* k a s a ks + P* k p s b ks + a* k p s c ks + I3* k a s d ks . (25) 

Cfc — Hi 

Then, it remains to determine the coefficients a ks , b ks , c ks , d ks , with the use 
of the obvious relation ^2 k iT kk )T k i s = 5 ks , which gives a expression of the 
form: 



a* k a s Ci(a ks ,b ks , . . .) + (3* k (3 s C 2 {a ks ,b ks , . . .) + a* k f3 s C 3 (a ks ,b ks , . . .) 

+ P* k a s C 4 (a ks ,b ks ,. . .) = 0. 

(26) 

If we assume linear independence of the variables a k and (3 S , the coefficients 
of ( 1261) should vanish for all values of the indices r and s: 
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C p (a ks ,b ks , . . .) = 0, p= 1,2,3,4. 

By implementing in (1251) condition (1261) one obtains 

(c s - £)a fcs - - VWa£,a^ s + /3 fc /a^c fc ^] = . (27) 

Ck ~ E v 

(c s - E)b ks - - B(E) V + a kl p* kl dw] = . (28) 

Ck ~ E v 

c ks {c s -E)- B{E) J2H'0t'a w + fafacku] = . (29) 

k' 

d ks (c s - E) - A(E) }\Pk>al,b k k' + a k/ a* k ,d kk/ ] = . (30) 
k' 

Let us start by solving Equation (1291) . It can be written as 

B(E)R k 

c ks = =- , (31) 

C s — Hi 

where 

R k = 2_^[ a k'^ k ' a kk' + f3k'f3 k ' c kk'] ■ (32) 
k' 

In order to simplify subsequent equations, we shall introduce the following 
notation: 



r(a,P,E):=J2^%- (33) 
Using this definition in (I31H32P gives 



= §^ a k ,(3* kl a kk , + r((3, /?, E) B(E) RA , (34) 



and from it the quantity R k can be expressed as 



R, 



^2 k i a k / Pk' a kk' 



In a similar manner 



Cfcs 



i-B(E)r{p,p*,E) ■ 

B{E) x - ak'(3* k ia kk > 



Cs-E 



B(E)t(J3,/3*,E) 



(35) 



(36) 



and 



ME) 
c*-E 



+ ^(afc'«fc'«fcfc' + Pk'Oik'Ckk') 



Ck~ E 



(37) 



Note that the inverse matrix T 1 does exist if and only if the R k are nonsin- 
gular for all E, i.e., the denominator in (1351) does not vanish: 

1-B(E)t(P,P*,E)^0. (38) 
If one proceeds with the expression of a ks in (I2T|) as done with c ks , one finds 

A(E) U k 



Cs-E ' 



(39) 



with 



1 V- B(E)r(/3,a*,E) ^ 

n fc := ^— ^ + ^ ^(te + 1 _ B{E)r{p ^ E) L ^ • (40) 



From (J39J) and fl40j) . one gets 



A(E)U k A{E) 



c s — E c. — E 



c k -E 



+ A{E)U k r{a,a*,E) 



T(f3,a*,E)T(a,f3*,E) ' 
+B{E) 1-t(I3,F,E)B(E) + A{m \ 

from which we obtain a consistent equation for U k : 



(41) 



n» 



c k - E 



1 - A(£) r(a, a*, £) - A(E)B(E) 



T(P,a*,E)T(a,P*,E) 
l-T(f3,f3*,E)B(E) 



,(42) 
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leading to 



A(E)(1-B(E)t((3,P*,E)) 

a ks = 7 ^ A , (4d) 

(c fc - E)(c s - 

with 



A := 1 - A(E) r(a, a* , E) — B(E) r(/3, /F, £) 
+A(E)B(E) [r(a, a*, E) t(/3, 0*, E) - t(oc, (3*, E) T (J3, a*, E)] . (44) 

Accordingly, nontrivial solutions of a ks (a^s ^ 0) exist if and only if A ^ 
for all values of the energy E. 

Finally, the expressions for the remaining coefficients are 

B(E)(l-A(E)T( a ,c',E)) ! 
h - = (c,-E)(c k -E) ' (45) 

(c, -£)(<*-£) 1 ' 

With these elements, we are now in the position of writing the explicit form 
for the inverse matrix T^ 1 

T- 1 = + ^ {a* k a s A(E) [1 - B{E) t(0, (3*, E)\ 

Ck~ E [Ck — h)[c s — hi) 

+(3l(3 s B(E) [1 - A{E) r(a, a*, E)} + a* k (3* s A(E) B{E) r(a, (3*, E) 

+(3:a s A(E)B(E)r(P,a*,E)}. (47) 
In consequence, the formal solution of Equation (123]) is given by 



ME) = -cJ2Tkn 1 {j2fln^-E) ) j 



(48) 



and 



(E) = C 0k & T^n ( £ ~ E ) \ ■ ( 49 ) 
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Thus, inserting (f4"8"l) and (j4"9"|) in (fT3"|) and then in (jSJ) the solution to our 
problem is completely determined. Note that the structure of the solutions 
is preserved by form factors which may not been separable as those of the 
choice (I16p. since they are absorbed in the definition of the functions r. 

4 Concluding remarks. 

In this paper, we have described the solutions of the extended Friedrichs 
model. The proposed model includes fermion-boson couplings in addition to 
the boson-boson couplings. From the physical point of view, this extension 
may become a suitable tool for the treatment of decaying states which par- 
ticipate in the observable total decay width of composite nuclear systems. 
From the mathematical point of view, we have generalized the schematic 
solution proposed in a previous article [6] and formulated the solution in a 
more compact and formal way. The main features of the proposed method 
can be summarized as follows: 

i. ) The resonant behavior of the fermionic sector depends on the resonant 
structure of the boson field, which participate in the fermion solution via the 
fermion-boson coupling. 

ii. ) The set of coupled equations is greatly simplified by the use of a 
T-matrix like formalism, which allows us to identify the resonant behavior 
of the solutions. 

Further applications of the set of Equations (I47H49I) to situations of phys- 
ical interest are in progress. 
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